In 2018, Bai, Fujita and Zhang (Discrete Math. 2018, 341(6): 1523-1533 introduced the concept of a kernel by rainbow paths (for short, RP-kernel) of an arc-coloured digraph D, which is a subset S of vertices of D such that (a) there exists no rainbow path for any pair of distinct vertices of S, and (b) every vertex outside S can reach S by a rainbow path in D. They showed that it is NP-hard to recognize wether an arc-coloured digraph has a RP-kernel and it is NP-complete to decided wether an arccoloured tournament has a RP-kernel. In this paper, we give the sufficient conditions for the existence of a RP-kernel in arc-coloured unicyclic digraphs, semicomplete digraphs, quasi-transitive digraphs and bipartite tournaments, and prove that these arc-coloured digraphs have RP-kernels if certain "short" cycles and certain "small" induced subdigraphs are rainbow.
Introduction
For convenience of the reader, some necessary terminology and notation not mentioned in this section can be found in Section 2. All digraphs considered in this paper are finite. In this paper, all paths, walks and cycles are always directed. For terminology and notation, we refer the reader to Bang-Jensen and Gutin [1] .
Let D be a digraph. A kernel of D is a subset S ⊆ V (D) such that (a) for any pair of distinct vertices x, y ∈ S are non-adjacent, and (b) for each kernel by properly coloured paths in arc-coloured tournaments, quasi-transitive digraphs and k-partite tournaments.
An arc-coloured digraph is called rainbow if all arcs have distinct colours. Define a kernel by rainbow paths (for short, RP-kernel ) of an arc-coloured digraph D to be a subset S ⊆ V (D) such that (a) there exists no rainbow path for any pair of vertices of S, and (b) for each vertex outside S can reach S by a rainbow path.
The concept of a RP-kernel of an arc-coloured digraph was introduced by Bai, Fujita and Zhang [14] in 2018 as a generalization of the concept of kernel. They showed that it is NP-hard to recognize wether an arc-coloured digraph has a RP-kernel. Recently, Bai, Li and Zhang [16] showed the following theorem and proposed the following problem.
Theorem 1.2. [16] It is NP-complete to decided wether an arc-coloured tournament has a RP-kernel.

Problem 1.3. [16] Is it true that every arc-coloured digraph with all cycles rainbow has a RP-kernel?
In this paper, we give some sufficient conditions for the existence of a RP-kernel in arc-coloured unicyclic digraphs, semicomplete digraphs, quasitransitive digraphs and bipartite tournaments and prove that these arc-coloured digraphs have RP-kernels if certain "short" cycles and certain "small" induced subdigraphs are rainbow. For disjoint sets X and Y , X ⇒ Y means that every vertex of X dominates every vertex of Y and y x for any x ∈ X and y ∈ Y . If Y = {v}, we always denote X ⇒ v instead of X ⇒ {v}. X Y means that there exists a vertex u ∈ Y such that X u. For two distinct vertices x, y ∈ V (D), a path P from x to y is denoted by (x, y)-path, ℓ(P ) denote the length of path P . Let S, K ⊆ V (D). (x, S)-path in D denote an (x, s)-path for some s ∈ S. (S, x)-path in D denote an (s, x)-path for some s ∈ S. A closed path is called a cycle. We always call a cycle C of length ℓ(C) by ℓ(C)-cycle.
Terminology and Preliminaries
In the following proof, we use the definition below. It is not hard to see the following simple and useful result.
Observation 2.2. An arc-coloured digraph D has a RP-kernel if and only if C r (D) has a kernel.
A digraph D is called a kernel-perfect digraph or KP-digraph when every induced subdigraph of D has a kernel. The following theorem give a sufficient condition for a digraph to be a KP -digraph. 
Unicyclic digraphs
A digraph D is a unicyclic digraph if it contains only one cycle. In this section, we consider the sufficient conditions for the existence of a RP-kernel in an arccoloured unicyclic digraph. Proof. Let D be an m-arc-coloured unicyclic digraph with the unique cycle C. We will show the result by constructing a RP-kernel S of D. If D is strong, then D = C. Since the cycle C is rainbow, each vertex of C forms a RP-kernel of C. The desired result follows directly. Now assume D is not strong. Then D has strong components D 1 , D 2 , . . . , D k (k 2) such that there exists no arc from D i to D j for any i > j. Since D is unicyclic, then one of the strong components D 1 , D 2 , . . . , D k containing the unique cycle C and any other strong component is a single vertex. If D k is a single vertex, say v = D k , we put v into S. If D k = C, we put an arbitrary vertex of C, say also v, into S. Since C is rainbow, V (C) \ {v} can reach v by a rainbow path. Let j 1 ∈ {1, 2, . . . , k − 1} be the largest integer such that there exists no rainbow path from some vertex of D j1 to S. If D j1 is a single vertex, say v j1 = D j1 , we put v j1 into S. If D j1 = C, we put an arbitrary vertex satisfying the condition above of C, say also v j1 , into S. Let j 2 ∈ {1, 2, . . . , j 1 − 1} be the largest integer such that there exists no rainbow path from some vertex of D j2 to S. If D j2 is a single vertex, say v j2 = D j2 , we put v j2 into S. If D j2 = C, we put an arbitrary vertex satisfying the condition above of C, say also v j2 , into S. Continue this procedure until all the remaining vertices in V (D)\S can reach S by a rainbow path. Let v jr be the last vertex putting into S. It is not hard to check that the vertex set S = {v j1 , v j2 , . . . , v jr , v} is a RP-kernel of D.
Semicomplete digraphs
A digraph D is semicomplete if for any pair of vertices there exists at least one arc between them. A tournament is a semicomplete digraph with no 2-cycle. In this section, we consider the sufficient conditions for the existence of a RPkernel in an arc-coloured semicomplete digraph. Since each pair of vertices in a semicomplete digraph are adjacent, it follows that a RP-kernel of a semicomplete digraph consists of only one vertex. Proof. Let v be a vertex of D with maximum in-degree. Since D is a semicomplete digraph, it follows that 
Quasi-transitive digraphs
. In this section, we consider the sufficient conditions for the existence of a RP-kernel in an arc-coloured quasitransitive digraph. 
Let QT 4 be a quasi-transitive digraph, which has V (QT 4 ) = {x, y, u, v} and Proof. Suppose to the contrary that C r (D) is not a KP -digraph. By Theorem 2.3, there exists a cycle with no symmetrical arc. Let C = (u 1 , u 2 , . . . , u ℓ , u 1 ) be a shortest cycle with no symmetrical arc in C r (D). We will get a contradiction by showing that C has a symmetrical arc. Proof. Since C has no symmetrical arc, for each i ∈ {1, 2, . . . , ℓ}, there exists a rainbow (u i , u i+1 )-path and no rainbow (
Now we prove ℓ 5. Since C has no symmetrical arc, we have ℓ 3. If ℓ = 3, combining with C ⊆ D, we have C = (u 1 , u 2 , u 3 , u 1 ) is a rainbow 3-cycle in D. This implies that (u 2 , u 3 , u 1 ) is a rainbow (u 2 , u 1 )-path and hence (u 2 , u 1 ) ∈ A(C r (D)). Note that (u 1 , u 2 ) ∈ A(C), which contradicts that C has no symmetrical arc.
If ℓ = 4, by the proof above, we have
is a rainbow 3-cycle. This implies that (u 4 , u 1 , u 3 ) is a rainbow (u 4 , u 3 )-path and hence (u 4 , u 3 ) ∈ A(C r (D)). Note that (u 3 , u 4 ) ∈ A(C), which contradicts that C has no symmetrical arc. If (u 3 , u 1 ) ∈ A(D), then (u 1 , u 2 , u 3 , u 1 ) is a rainbow 3-cycle. This implies that (u 2 , u 3 , u 1 ) is a rainbow (u 2 , u 1 )-path and hence (u 2 , u 1 ) ∈ A(C r (D)). Note that (u 1 , u 2 ) ∈ A(C), which contradicts that C has no symmetrical arc.
Thus ℓ 5.
By Claim 1, we have ℓ−1 4 and
) is a rainbow 3-cycle. This implies that (u ℓ , u 1 , u ℓ−1 ) is a rainbow (u ℓ , u ℓ−1 )-path and hence (u ℓ , u ℓ−1 ) ∈ A(C r (D)). Note that (u ℓ−1 , u ℓ ) ∈ A(C), which contradicts that C has no symmetrical arc.
is a rainbow 3-cycle. This implies that (u i0 , u 1 , u i0−1 ) is a rainbow (u i0 , u i0−1 )-path and hence (u i0 , u i0−1 ) ∈ A(C r (D)). Note that (u i0−1 , u i0 ) ∈ A(C), which contradicts that that C has no symmetrical arc.
Thus, C r (D) is a KP -digraph.
By Observation 2.2 and Theorem 5.3, the following corollary is direct. 
Bipartite tournaments
A digraph D is a bipartite tournament if there exists a partition of V (D) into two sets {X, Y } such that there exists no arc between any two vertices in the same set and there exists an arc between any two vertices in different sets. In this section, we consider the sufficient conditions for the existence of a RP-kernel in an arc-coloured bipartite tournament. We begin with two simple observations. Proof. Obviously, a kernel of D is also a RP-kernel of D. We claim that either X or Y is a kernel of D and hence a RP-kernel of D. If X is not a kernel, then there exists v ∈ Y such that X ⇒ v. This implies that Y is a kernel of D.
In the following, we may assume m 2. Proof. W.l.o.g., assume min{|X|, |Y |} = |X| = 2 and
By Observation 6.1, we also assume that D has no source in Y . By the definition of Y 0 , the following claim holds directly.
has exactly one out-neighbour and one in-neighbour in X.
We consider the following two cases.
Note that there exists no rainbow (y,
So we assume that Y 2 = ∅. Clearly, the following claim holds directly. Proof. Suppose to the contrary that C(x i , y 1 ) = C(x i , y 2 ) for some y 1 , y 2 ∈ Y 0 . Let y ∈ Y 2 with y → x i . Since C(x i , y 1 ) = C(x i , y 2 ), y can reach Y 0 by a rainbow path passing through (y, x i ) as well as either (x i , y 1 ) or (x i , y 2 ). This contradicts that there exists no rainbow (y, Y 0 )-path for any y ∈ Y 2 . Thus all arcs from x i to Y 0 are assigned the common colour.
For convenience, we will denote the common colour assigned the arcs from
By the definition of Y 2 , the following claim holds directly.
Let S ⊆ Y 2 be the maximal subset such that there exists no rainbow path for any pair of vertices of S in D. Let
Assume that R = ∅ and let r ∈ R ⊆ Y 2 be arbitrary. By Claim 1, w.l.o.g., we assume
By the choice of S, there exists a rainbow (s, r)-path P for some s ∈ S in D.
, since otherwise, in the rainbow path P , we replace the arc (x 1 , r) with (x 1 , y 0 ) for any y 0 ∈ Y 0 and get a rainbow (s, y 0 )-path, which contradicts s ∈ Y 2 . Now we claim that Y 0 ∪ {r} is a RP-kernel of D. By Claim 2, it is sufficient to show that there exists a rainbow (z, r)-path for any z ∈ Y 2 \ {s, r}. By Claim 1, we have either
In the rainbow path P , we replace the arc (s, x 2 ) with (z, x 2 ) and get a rainbow (z, r)-path (z, x 2 , y, x 1 , r). This implies that Y 0 ∪ {r} is a RP-kernel of D.
If ℓ(P ) = 2, now (s, x 1 , r) is the rainbow (s, r)-path. Note that s ∈ S ⊆ Y 2 and s → x 1 . Let y ∈ Y 2 with y → x 1 . By Claim 4, we have C(y, x 1 ) = C(s, x 1 ) = C(x 1 , Y 0 ). In the rainbow path (s, x 1 , r), we replace the arc (s, x 1 ) with (y, x 1 ) and get a rainbow path (y, x 1 , r). This means that all vertices dominating x 1 in Y 2 can reach r by a rainbow path. Let
Clearly, each vertex of Q 1 can reach r by a rainbow path. By Claim 1, we have
If there exists a rainbow (q 2 , r)-path P ′ for some q 2 ∈ Q 2 , we claim that Y 0 ∪ {r} is a RP-kernel of D. Since x 1 → r → x 2 and x 1 → q 2 → x 2 , we have ℓ(P ′ ) = 2 and hence ℓ(P ′ ) = 4. W.l.o.g., assume P ′ = (q 2 , x 2 , y, x 1 , r) where y ∈ Y \Y 0 . It is sufficient to show that there exists a rainbow (q ′ 2 , r)-path for any q
In the rainbow path P ′ , we replace the arc (q 2 , x 2 ) with (q ′ 2 , x 2 ) and get a rainbow (q
If there exists a rainbow (r, q 2 )-path P ′′ for some q 2 ∈ Q 2 , we claim that
, since otherwise, in the rainbow path P ′′ , we replace the arc (x 1 , q 2 ) with (x 1 , y 0 ) for any y 0 ∈ Y 0 and get a rainbow (r, y 0 )-path, which contradicts r ∈ Y 2 . Now it is sufficient to show that there exists a rainbow (w, q 2 )-path for any w ∈ Y 2 \ {r, q 2 }. By Claim 1, we have either w → x 1 or w → x 2 . If w → x 1 , by Claim 4, we have C(w, x 1 ) = C(x 1 , Y 0 ). Combining with C(x 1 , q 2 ) = C(x 1 , Y 0 ), we have (w, x 1 , q 2 ) is a rainbow (w, q 2 )-path. If w → x 2 , by Claim 4, we have C(w, x 2 ) = C(r, x 2 ) = C(x 2 , Y 0 ). In the rainbow path P ′′ , we replace the arc (r, x 2 ) with (w, x 2 ) and get a rainbow (w, q 2 )-path (w, x 2 , y, x 1 , q 2 ). This implies that Y 0 ∪ {q 2 } is a RP-kernel of D.
If there exists no rainbow (q 2 , r)-path and no rainbow (r, q 2 )-path for any q 2 ∈ Q 2 , we claim that Y 0 ∪ Q 2 ∪ {r} is a RP-kernel of D. Proof. Suppose to the contrary that there exists a rainbow path for some q 2 , q ′ 2 ∈ Q 2 , say (q 2 , x 2 , y, x 1 , q ′ 2 ) where y ∈ Y \ Y 0 . Note that y = r since there exists no rainbow (Q 2 , r)-path. Since r, q 2 ∈ Y 2 , by Claim 4, we have C(r, x 2 ) = C(q 2 , x 2 ) = C(x 2 , Y 0 ). In the rainbow path (q 2 , x 2 , y, x 1 , q ′ 2 ), we replace the arc (q 2 , x 2 ) with (r, x 2 ) and get a rainbow (r, q ′ 2 )-path (r, x 2 , y, x 1 , q ′ 2 ), which contradicts that there exists no rainbow (r, Q 2 )-path.
Recall that Q 1 ∪ Q 2 = Y 2 \ {r} and each vertex of Q 1 can reach r by a rainbow path. By Claim 2 and 5,
By Claim 1, in this case each vertex of Y has one out-neighbour and one in-neighbour in X. We give a partition of Y as follows. 
is a 4-cycle. Since every 4-cycle is coloured with at least 3 colours, we have (y ′ , x 2 , y ′′ , x 1 ) is a rainbow path. Clearly, (y ′′ , x 1 ) is a rainbow path. It follows that {x 1 } is a RP-kernel of D. Similarly, If Y * * = ∅, we can prove that {x 2 } is a RP-kernel of D. So we assume Y * = ∅ and Y * * = ∅.
Since every 4-cycle in D is coloured with at least 3 colours, we have
Define the following vertex subsets, see Figure 2 , in which a box represent a set of vertices and dotted arcs, dashed arcs, thick dotted arcs, solid arcs represent respectively the arcs coloured by α, β, γ and a colour not in {α, β, γ}. 
Note that there exists no rainbow path for any pair of vertices of
. Since every 4-cycle is coloured with at least 3 colours, we have C( 
γβ . This implies that there exists no rainbow path for any pair of vertices of
Note that there exists no rainbow path for any pair of vertices of 
Define the following vertex subsets, see Figure 3 in which a box represent a set of vertices, and dotted arcs, dashed arcs, solid arcs represent respectively the arcs coloured by α, β and a colour not in {α, β}.
Since every 4-cycle is coloured with at least 3 colours and Y ′ αβ = ∅, Y ′′ can be divided into the following vertex subsets. In any case, we can find a RP-kernel of D. This proof is complete.
Now,
By Theorem 6.4, the following corollary is immediate. In the following proof, we consider min{|X|, |Y |} 3. Let CB 5 be a bipartite tournament, which has V ( Proof. Let P = (u = u 0 , u 1 , u 2 , . . . , u n = v) be the shortest rainbow (u, v)-path in D. The result holds clearly for n 2. Now assume n 3.
If n is odd, by Lemma 6.7 (a), we have u 0 , u n are adjacent. Since there is no rainbow (v, u)-path in D, we have u 0 → u n . The result holds. So we assume that n is even.
Also by Lemma 6.7 (a), we have u 1 , u n are adjacent. If u 1 → u n , then (u = u 0 , u 1 , u n = v) is a (u, v)-path of length 2 and the result holds. So we assume u n → u 1 . 4 ] is an induced rainbow CB 5 , which implies (u 4 , u 1 , u 2 , u 3 , u 0 ) is a rainbow (v, u)-path, a contradiction. For u 0 → u 3 , we have (u 0 , u 3 , u 4 ) is a (u, v)-path of length 2. So we assume n 6.
If u 0 → u i0 → u n for some i 0 ∈ {3, 5, . . . , n− 1}, then (u = u 0 , u i0 , u n = v) is a (u, v)-path of length 2 and the result holds. So we assume that either u i → u 0 or u n → u i for each i ∈ {3, 5, . . . , n − 1}.
Proof. It is sufficient to show that u 0 → u i . We process by induction on i. For i = 3, suppose to the contrary that
Assume that the claim holds for i < n − 3. We consider the case i = n − 3. Suppose to the contrary that u n−3 → u 0 . By the induction hypothesis, we have u 0 → u n−5 and u n → u n−5 . If u n−3 → u n , then D[u 0 , u n−5 , u n−4 , u n−3 , u n ] is an induced rainbow CB 5 . It follows that (u n , u n−5 , u n−4 , u n−3 , u 0 ) is a rainbow (v, u)-path in D, a contradiction. If u n → u n−3 , then D[u n , u n−3 , u 0 , u n−5 ] is T B 4 which is properly coloured. It follows that (u n , u n−3 , u 0 ) is a rainbow (v, u)-path in D, a contradiction. So (u 0 , u n−3 ) ∈ A(D). Now we show u 0 → u n−1 . Suppose to the contrary that u n−1 → u 0 . By Claim 1, we have u 0 → u n−3 and u n → u n−3 . Then D[u 0 , u n−3 , u n−2 , u n−1 , u n ] is an induced rainbow CB 5 . It follows that (u n , u n−3 , u n−2 , u n−1 , u 0 ) is a rainbow (v, u)-path in D, a contradiction. So u 0 → u n−1 . Now (u 0 , u n−1 , u n ) is a (u, v)-path of length 2. Proof. According to Theorem 2.3, it is sufficient to prove that each cycle of C r (D) has a symmetrical arc. Suppose to the contrary that there exists a cycle C in C r (D) containing no symmetrical arc. We will get a contradiction by showing that C has a symmetrical arc. Let C = (x 0 , x 1 , . . . , x n , x 0 ). Since C has no symmetrical arc, for each i ∈ {0, 1, . . . , n}, there exists a rainbow (x i , x i+1 )-path and no rainbow (x i+1 , x i )-path in D. The following claim holds directly from Lemma 6.8.
Claim 1.
For each i ∈ {0, 1, . . . , n}, either (x i , x i+1 ) ∈ A(D) or there exists a (x i , x i+1 )-path of length 2 in D.
and C ′ = P 0 P 1 . . . P n . Then C ′ is a closed walk in D. We consider the following two cases. Case 1. n = 2. Now C is a 3-cycle. Then not all arcs of C is in D since D is a bipartite tournament. W.l.o.g., assume that (x 0 , x 1 ) / ∈ A(D). Then ℓ(P 0 ) = 2, ℓ(P 1 ) 2 and ℓ(P 2 )
2. Now C ′ is a closed walk with length at most 6. By Lemma 6.7 (b), C ′ is a cycle. Since all 4-cycles and 6-cycles are rainbow, we have C ′ is rainbow. Now P 1 P 2 is a rainbow (x 1 , x 0 )-path and hence (x 1 , x 0 ) ∈ A(C r (D)). Note that (x 0 , x 1 ) ∈ A(C), which contradicts C has no symmetrical arc. D) ). Note that either v 2j0+2 = x j+1 or v 2j0+3 = x j+1 . We have (x j+1 , x j ) ∈ A(C r (D)). Note that (x j , x j+1 ) ∈ A(C), which contradicts C has no symmetrical arc.
